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(7.4.3)   The trigonometric system is total in the prehilbert space F = V<ff)
(as defined in (6.5.1); note that here we do not put on #C(I) the norm (7.1.1)).
•j:
Indeed, for any function fe #C(I) and any integer n > 0, let g be the
function equal to / for -1 + l/n ^ f < 1, equal to /(I) for t = -1, and
linear between -1 and -1 + l//z; then f(t)-g(t) = 0 if r > -1 + l/«,
and !/(/) -g(f)\ < 4U/1L for the other values of f (we write \\..\\ ^ for the
norm defined by (7.1.1) and ||.. ||2 for the prehilbert norm). Therefore, we
have
"i
in other words, ||/-gl|2 is arbitrarily small. As g is continuous and can
be extended by periodicity since g(i) = #(- l),_there is, by (7.4.2), a trigono-
metric polynomial h such that \\g - h\\2 < J2 \\g - h\\^ is arbitrarily small,
and this ends the proof.
(7.4.4)   // E is a compact metric space, the spaces #R(E) and #C(E) are
separable.
As #c(E) is the topological direct sum of #R(E) and z#R(E), we need
only give the proof for #R(E). Let (UM) be a denumerable basis for the
topology of E (3.16.2), and \tign(f) = d(t, E - UJ. The monomials g\l - - - g*nn
in the gn also form a denumerable set (hn) (by (1.9.3) and (1.9.4)), and the
vector space A generated by the hn is the subalgebra of ^R(E) generated
by the gn. If we prove that A is dense in ^R(E), our proof will be complete
(5.10.1); but we only have to apply the Stone-Weierstrass theorem, and
therefore check that the family (gn) separates points of E. But if x + y, there
is a Un such that x e UB, y $ Un, hence by definition gn(x) ^ 0, gn(y) = 0.
Q.E.D.
PROBLEMS
1. Let E, F be two compact metric spaces, / a continuous mapping of E x F into R.
Show that for any e > 0 there exists a finite system (ut)i ^B of continuous mappings
of E into R and a finite system (f Oi ^ t <=n of continuous mappings of F into R such that,
for any (x,j)eExF,  \f(x,y)-ut(xji>i(y)\^e. (Apply the Stone-Weierstrass
t=i
theorem to the algebra generated by the continuous mappings (x,y)~*u(x) and
(x, y) -> v(y), where u e #R(E) and v e ^R

